arXiv:1508.00997v2 [math.CA] 20Jul2016 


On the lack of semiconcavity of the subRiemannian 
distance in a class of Carnot groups * 


Annamaria Montanari Daniele Morbidelli 


Abstract 

We show by explicit estimates that the SubRiemannian distance in a Carnot group 
of step two is locally semiconcave away from the diagonal if and only if the group 
does not contain abnormal minimizing curves. Moreover, we prove that local semi¬ 
concavity fails to hold in the step-3 Engel group, even in the weaker "horizontal" 
sense. 


1. Introduction 


It is well known that subRiemannian spheres are rather irregular objects. Already in the 
simplest example—the Heisenberg group—the subRiemannian distance from the origin 
is only Lipschitz-continuous at points of the center of the group. Furthermore, it can be 
shown that the only subRiemarmian manifolds where (small) spheres are smooth are the 
Riemannian ones (see IIABB16II ). 

The irregularity of the distance function is mainly governed by the presence of ab¬ 
normal geodesics (see Section|2l). Indeed, the function d{xo, ■) can not be smooth at any 
point X connected to Xq by an abnormal length-minimizer (see lABBlbl ). Furthermore, it 
has been shown in several papers by Agrachev, Bonnard, Chyba and Kupka IABCK97I , 
Trelat IITreOOII and Agrachev | AgrlS | that, under the corank 1 assumption, where in partic¬ 
ular all abnormal extremals are strictly abnormal, at a point x along an abnormal length¬ 
minimizing curve 7 leaving from xq, the subRiemannian sphere centered at xq is tangent 
to 7 in a suitable sense and ultimately the distance from xq can not be expected to be even 
Lipschitz at x. 

On the other side, it is known that abnormal minimizers do not appear at all for a 
subclass of fwo-step Carnot groups (Metivier groups) and, by a result of Chitour, Jean 
and Trelat | CJT061, in the very large class furnished by generic subRiemannian structures 
of rank at least three. 

In the papers IICR08IIFR10L Cannarsa and Rifford, and Figalli and Rifford showed that 
in a bracket generating subRiemarmian manifold where all length-minimizing paths are 
strictly normal, the subRiemannian distance from a fixed base point Xq G M is locally 
semiconcave in M \ {^^o}- Since local semiconcavity implies local Lipschitz-continuity, 
this result can not be extended to the situation where corank 1 abnormal minimizers 
appear. 


*2010 Mathematics Subject Classification. Primary 53C17; Secondary 49J15. Key words and Phrases. 
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However, there are subRiemannian manifolds and more specifically Carnot groups 
which do not belong to the class in ICROSllFRlOl , because they contain abnormal min¬ 
imizing paths, but do not enjoy the corank 1 assumption of IITreOOII and | Agrl5| , be¬ 
cause abnormal minimizing paths are normal too (we say that they are normal-abnormal). 
This class includes all non Metivier two-step Carnot groups and some step-three Carnot 
groups. 

In this paper we show some negative results on the local semiconcavity of subRie¬ 
mannian distances in the setting of non Metivier two-step groups and in the step-three 
Engel group. We also discuss a weaker property, namely the horizontal semiconcavity and 
we show that, in all two-step free groups, such property holds "porntwise" at all abnor¬ 
mal points, where the usual Euclidean notion fails to hold. We plan to come back to 
a detailed study of local horizontal semiconcavity for the distance in two-step Carnot 
groups in a subsequent work. On the other side, it turns out that in the three-step Engel 
group the horizontal semiconcavity fails to hold. 

Besides its relevant role in the optimal transport problems studied in IFRlOl , local 
semiconcavity of the subRiemannian distance plays a role in the construction of suit¬ 
able "barrier functions" in potential theory which are a fundamental tool in the study of 
second order nondivergence subelliptic PDEs with measurable coefficients (see BGTlll . 
lTral2l , IIMonl4ll ). 

To state our result, we also introduce briefly some notation for two-step Carnot groups. 
Let (x, t) be coordinates in IR'" x R^. Fix a family A^, ..., G R'"^'” of skew-symmetric 
matrices and define the composition law 


(x,t) ■ (^,t) = (^X + ^,t + T+ ^(x,A^)) 


( 1 . 1 ) 


where (x, A^) := ((x, A^^)),..., (x, A^^)) G R^ and (•,•) denotes the inner product 
in R"*. We always assume the Hormander condition span{ ( Alj.,..., A|^) ■ 1 < j < k < 

m} = R^ and we denote by d be the subRiemarmian distance defined by the family of 
left-invariant vector fields Xj = dxj -|- j YZ=i I^a=i for ; = 1,..., m. See SectionlH 

Here is our statement on two-step Carnot groups, where we always denote by d the 
subRiemarmian distance from the origin. 

Theorem 1.1. Let (G, •) = (R”, •) = (R^ x IRf/ •) ke the tzvo-step Carnot group equipped with 
the law (dr]). Then, at any (x, 0) = ^{l), final point of an abnormal minimizer 7 leaving from 
the origin, there are C > 0 and t G R^ such that we have 


d{x, fv) — d{x,0) > C\fi\ for all f e [—1,1]. (1.2) 


Moreover, if (G, •) = (R”, •) is free, then for any (x, f) = ^{l), final point of an abnormal 
minimizer 7 leaving from the origin, there are C > 0 and (0, t) G G such that 

d{x,t + fr) — d{x,t) > C\[5\ for all f ^ [—1,1]. (1.3) 


Remark that in two-step Carnot groups abnormal minimizers are always normal (see 
|AS04i Section 20.5] or IIRifl4l Theorem 2.22]). Both estimates of this theorem ensure that 
the distance is not semiconcave (see the definition in (12.51) 1. 

It is known that for step-two Carnot groups, x 1 —>• d(0, x) is Lipschitz for x belonging 
to compact sets which do not intersect the origin. Then, failure of semiconcavity can 
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be visualized as a presence of an outward Lipschitz cusp on a suitable "vertical section" 
of the sphere. Inner Lipschitz cusps do not conflict with semiconcavity (think of the 
Heisenberg group). 

Our second result concerns the three-step Engel group E = R"^. In this setting any 
abnormal minimizer leaving from the origin is contained in a line ( IISus96l[LS95ll ). The 
group law can be written in the form 

2 

X • ^ = (xi+ ^ 1 , X 2 + ^ 2 , X 3 + ^3 + Xi^ 2 , X 4 + ^4 + y ^2 + (1-4) 

(see IBLUOZi p. 285]) and the abnormal line containing the origin is {(0, X 2 , 0 ,0) G R^ : 
X 2 S R}. We consider the control distance associated with the left-invariant vector fields 

Xi = 3i and X 2 = 82 -|- Xids -|- -^ 84 . 

It follows from the results of IABCK97II that the distance from the origin d = d(0, •) 
is not locally semiconcave at any point of such line. Here we prove a further result, 
showing that the distance is not even semiconcave in horizontal directions in any open 
set intersecting the abnormal line. Here is our result. 

Theorem 1.2. For all X 2 G R there is C > 0 such that, if \x 4 \ is small, then 

d(0,X 2 , 0 ,X 4 ) — d(0,X 2 , 0 , 0 ) > C|x 4 |. (1.5) 


Furthermore, we have the horizontal estimate 


lim sup 

(yi,y2)^o 


d ( 0 , X 2 , 0 , 0 )) - d (( 0 , X 2 , 0 , 0 )) 

y? + yi 


-|-oo. 


( 1 . 6 ) 


The first inequality also follows from the estimate for Martinet vector fields proved 
in IABCK97II (see Remark !!. 1 I belowl . but our proof is more elementary. To the best of our 
knowledge, estimate 01 . 6 !) is new. 

Our arguments to estimate distances are not based on exact calculations with geodesics, 
which in some cases are rather difficult (see e.g. IAS111IAS15I 1. We use properties of min- 
imizers to localize abnormal points and we estimate the distance from the origin of close 
points by elementary direct arguments. 

The paper is structured as follows. Sectioncontains some general preliminaries. In 
Section|3]we discuss the step-two case and in Section|4|we discuss the Engel model. 


2. General preliminaries 

2.1. Control distances, endpoint maps and extremals 

Let us start by recalling the vocabulary we will use in the following sections. Eor a com¬ 
plete discussion of the subject we refer to the monographs IIAS04llABB16llMfl4l . 

Given a family Xi,.. .,X,„ of linearly independent smooth vector fields in R”, the 
subRiemannian distance associated with the family is defined as follows. An absolutely 
continuous path 7 G W^'^((0,1),R”) is said to be horizontal if there is a control u G 
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L^((0,1),]R'") such that we can write 7 (f) = ^ ^ (0,1). The 

subRiemannian length of a horizontal path 7 is length( 7 ) := fQ\u{t)\dt. Givenz,!/ G K”, 
the subRiemannian distance between x and y is d{x,y) = inf{Jg |M(f)|df}, where the in- 
fimum is taken among all horizontal curves 7 such that 7 ( 0 ) = x and 7 ( 1 ) = y. If the 
Hormander condition holds (i.e., the vector fields, together with their commutators of 
sufficiently large order span a space of dimension n at any point x G IR'^ then for any 
pair of points x,y G IR” there is a horizontal path cormecting x,y and therefore d{x,y) is 
finite. Furthermore, it turns out that for close points, the infimum is a minimum. 

Given a fixed point xq G K”, and given u G T^((0,1),R'"), we consider the a.e. solu¬ 
tion 7 j, of the nonautonomous Cauchy problem 

7 = Yluj{t)Xj{j) with 7^(0) = Vo. (2.1) 

i 


If ju £ W^'^((0,1),]R”) is globally defined on [0,1], we define the endpoint map E{u) := 
7 u(l). In Carnot groups, it turns out that the map E : —)■ IR" is globally defined and 
smooth. We say that 7 has constant speed if |w(s) Irm = C for a.e. s £ [ 0 , 1 ]. 

Let Vo £ IR” be a fixed point and let v G R”. Assume that there is a constant-speed 
path 7 : [0,1] - 7 - R” which is a length minimizer between Vq and v, i.e. length( 7 ) = 
d(vo, v). This implies that there is a nonzero vector (^O/ ^) £ R ^ IR” such that 

^o{u,v):^2 + {^,dE{u)v)^„=0 Vi;GL2 = l2((0,1),R’"), (2.2) 


where the linear map dE{u) : L^((0, 1),R'”) — >• R” denotes the differential of E. If (12.211 
holds, we say that u is an extremal control, or that the corresponding curve 7 j, given by 
(12.1b is an extremal curve. Clearly, it suffices to consider the case ^0 = 1 arid ^0 = 0. If (|2.2|) 
holds for some {^ 0 , f) with ^0 = 1 / then we say that w is a normal extremal control, and ju 
is a normal extremal curve. If instead (12.2b holds for some {^ 0 ,^) with ^0 = 0, then we say 
that u (resp. 7 ,,) is an abnormal extremal control (resp. curve). Equivalentely, abnormal 
controls are those controls u ^ such that dE{u) : —)■ R” is not open; they are 

sometimes called singular controls and the corresponding curves are called singular curves. 
The choice of {^ 0 , ^) is not unique, and it may happen that a control is both normal and 
abnormal. In such case we say that u is normal-abnormal. If 7 = 7 u is an abnormal curve, 
the set of (Aq, A) G R x R” such that (12.2b holds is a subspace whose dimension is called 
the corank of 7 (see ITreOOl AgrlSI). Corank 1 extremals can not be normal-abnormal. 
Finally, a normal control/curve which is not abnormal is called strictly normal and an 
abnormal control/curve which is not normal is called strictly abnormal. 

It is known that all abnormal length minimizing curves in two-step Carnot groups 
cannot be strictly abnormal (see IIAS04II 1. 


2.2. Two-step groups and Metivier condition 

Let 0 = Vi © W be a two-step nilpotent stratified Lie algebra (i.e. [Vi, Vi] — V 2 and 
[fl/ ki] = 0). Let (•, •)Vj be an inner product on V-[. Fix an orthonormal basis Xi,..., 
of V-[ and any basis Ti,..., T^ of W- Then we have the commutation relations [Xj, Xjt] = 
Y,i=i for suitable constants G R. Since Exp : g —)■ G is a global 
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diffeomorphism, we can identify the Lie group G = Exp( 0 ) with R"* x R^ via exponential 
coordinates of the first kind 

R"" X R^ 9 (xi,...,fi,..., f^) ~ Exp XjXj + G G = exp( 0 ) (2.3) 

j a 

Einally, an application of the Baker-Campbell-Hausdorff-Dynkin formula (see [BLU07I ) 
shows that the group law in G in the coordinates (x, f) G R"* x R^ takes the form 

(x,f) ■ (y,s) - (^x + y,f + s + i(x,Ay)) (2.4) 

mentioned in CH). A subRiemannian frame of orthonormal horizontal left-invariant 
vector fields in given by Xj = d^. + \ for j = 1,..., m. Moreover, 

[Xj,X^] = Ajj^ = We assume the Elormander condition spanjA^j. ■ 1 < j < k < 

m} = R^. 

In a two-step group, given rj G V^, define : Vi ^ Vi by the formula {}rjX,X') = 
rj{[X,X']). We say that the group satisfies the Metivier condition IMetSOII if the linear 
map J,j is an isomorphism for all y G 1^* \ {0}. The Metivier class includes the class of 
the groups of Heisenberg type (with strict inclusion, see [MS04i Section 7] or iBLU071 ). 
An equivalent way to state the Metivier condition is by requiring that the map R'” 9 y I-)- 
{Aw,y) G R^ is onto for all w G R'” \ {0}. Another equivalent assumption is that the 
square matrix crA := Yi=i Gi A'* G is nonsingular for all a = (ui, .. .,cri) 7 ^ 0 G R^. 

2.3. Semiconcavity 

Eollowing IICS041 Definition 1.1.1] and lERlOL we say that a continuous function / : Q —> 
R is semiconcave on the open set Q C R” if there is C > 0 such that 

/(x + h)+ fix -h)- 2/(x) < 2C\h\^, (2.5) 

for all X, if G R” such that the segment [x — h,x -\-h] is contained in Q. Equivalently, there 
is C > 0 so that 

^f{y) + (1 - - fi^y + (1 - < CA(1 - A)|x - y|2 

for all X, y such that [x, y] C Q and A G [0,1]. Roughly speaking, second order derivatives 
of a semiconcave function can be — 00 , but they must be bounded from above by some 
positive constant C < 00 . See IICS041 Chapter 2]. 

The following theorem has been shown by Cannarsa and Rifford IICR08L and Eigalli 
and Rifford lERlOl : 

Theorem 2.1. Let Mhea subRiemannian manifold with subRiemannian distance d. Let xq G M 
and assume that for ally ^ M every length minimizing path connecting xq and y is nonsingular. 
Then, the distance function y 1 —)■ d(xo,y) is locally semiconcave on M \ {xq}. 
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3. Step-two groups 


3.1. Some (mostly known) facts on step-two groups 
3.1.1 Endpoint map and extremal paths 

Let R*" X R^ be equipped with the group law (I2.4II . Denote by e = (0,0) the identity 
element of the group and hy d{x,t) the distance from the origin of (x, t) G R'” x R^. The 
ODE for the curve 7 = {x,t) associated with a control u G L^{{0,1), R"") is 


x{s) = u{s) i{s) = ^{x{s),Au{s)), with (x(0),t(0)) = (0,0) (3.1) 

where {x,Au) = {{x, A^u),..., {x, A^u)). Given w G L^(0,1), the endpoint map E(m) = 
7 ( 1 ) = (x(l),f(l)) has the form 


E(m) = u{s)ds, u,Au{s)'^ds 

As calculated in IIAGL15L its differential dE{u) : E^ —>• R"* x R^ has the following form 
m.u)v={fv,\fUfu,Av{s)) + {f v,Au{s)^'^ds 


= (/”'/('"(I 


(3.2) 


We integrated by parts and we let u = x. 

Next, we recapitulate the discussion in IIAGL15L Let u G L^(0, 1) be a minimizing 

control for the problem min{IIMII£ 2 ( 01 ) • Since minimizing controls in 

step-two Canot groups are always normal (this follows from the second order analysis of 
the Goh condition, see IIAS041 Section 20.5] or llRifl4l Theorem 2.22]), there is a nontrivial 
(co)vector (^, r) G R”* x R^ such that 


0 ^ {u,v)i 2 - {{^,T),dE{u)v) 

= y (u(s),u(s))ds - y (^,y(s))ds - y for all z; G E^(0,1). 

Here tA ■= = — (tA)^ G Since v E is arbitrary, we get 

u(s) = ^ + tA^ — tA [ u{p)dp for all s G [0,1]. (3.3) 

2 Jo 

Therefore, w(s) = —tAu{s) and then, according to IAGL151 Propositions], 

m(s) = (3.4) 


for a suitable u G R"*. It is easy to recognize that, since A is skew symmetric, then 
g-rAs g o{m) is an orthogonal m x m matrix. Therefore, the path 7 has constant speed 
andlength( 7 ) = \u\. 
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Let u G L^(0,1) be an abnormal extremal. Then by definition there is (f/, (t) G R*” x 
R^ \ {(0,0)} such that 

0 ={{?],a),dE{u)v) — j ~ J for all u G L^(0,1). 


Since v is arbitrary, one gets 

X 

t] + (tA- — crA 


= 0 for all s G [0,1], 


(3.5) 


with the usual convention a A := ^^=1 Note that it must he a 0. Otherwise 

{rj, a) becomes trivial. Differentiating we obtain, according with IIKis03l Lemma 2.4] and 
|Hsu92| the condition 

(7Au{s) = 0 for almost all s (3.6) 

(which implies rj = 0). Since ker(c 7 'A) is a subspace of dimension at most m — 2, the struc¬ 
ture of the ODE (13.111 implies that, letting Abn(e) = { 7 ( 1 ) : 7 is abnormal and 7 ( 0 ) = e} 
we have 

Abn(e) C [J|Gw : kV subspace of R"*, dimW < m — 2| (3.7) 

where Gw is the subgroup 

Gw := span (w, (w'. Aw"}) : w,w',w" G W}, (3.8) 

which is a Carnot group of step r G {1,2}. To check this claim, note that (I3.6D ensures 
that there is a subspace W C R"* of dimension at most m — 2 such that i/(s) G W a.e. in 
s G [0,1]. Then z(s) = f^u G W and f(s) = ^ (x(p), Au(p))dp G span{(w', Aw") : 

w',w" G W). The inclusion (13.71) can be strict, but it is an equality for free groups (see 
I DMO~*~i5l and Remark l3.2l below). 

Furthermore, (13.61) implies that a control of the form u(s) = is abnormal if and 

only if there is a G R^ \ {0} such that 


(7 A(tA)'”w = 0 for all ra G N U (0). (3.9) 

It may happen that cr G span{T} and in such case, comparing (13.31) and (13.51) . we see that 
u(s) = = u G ker tA is a constant control. 


3.1.2 Bivectors and skew-symmetric matrices 

If we denote by Ci,... ,6^ the canonical basis of R'”, we define A^R*” := spanjcy A ejt : 
1 < j < k < m}. Given two vectors x,y E R"*, the elementary bivector z = x f\y E A^R”* 
can be expanded as 

^ A y = ^ = Y, - Xkyj)ej /\ek=: Y ^ ^ ^k- 

j k l<j<k<m l<i<k<m 

On A^R*" we define the standard inner product on elementary bivectors 

{xAy,^ Ay) = (x,^)(y,f/) - {x,r]){y,^) for all x, y, G R"'. 
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This is equivalent to the requirement that the family ey A ejt, with 1 < j < k < m, is 
orthonormal in The inner product {z,Q can be extended by linearity to general 

bivectors z = Xa A and ^ A for any Xa,ya,^cc,Voc S IR'"- Note that 

if R"* = R 0 W decomposes as a sum with R ± W and we choose orthonormal bases 
Vi,.. .,Vp of R and Wi,.. .Wq oiW, it turns out that the family {vj A v^, Vj A Wa, Aw^ : 
1 < j < k < p, 1 < cc < fi < q} is an orfhonormal basis of A^R"" and ultimately the 
three terms in the decomposition 

A^R”" = aV© (RA W)© A^W (3.10) 


are pairwise orthogonal. Here and hereafter we are keeping the short notation V AW := 
spanjz; A zf : y G R,zf G W}. 

Let M = — G be a skew-symmetric matrix of rank 2p < m. By spectral 

theory, there are p two-dimensional pairwise orthogonal subspaces Ri,... Rp, p positive 
numbers Ap,..., Ap > 0 and a corresponding orthonormal basis v^, of each R;, such 
that 

MVh = ApZfp and Mv^ = for all /i = 1 ,..., p. 

In other words, we can write Mx = ^h)'^h ~ Observe that Im M = 

©^^pR/j and kerM = (©^R/j)^. It may happen that A,- = Ay for some i ^ j. The generic 

element of M is Myjt = (llh=i ^h'^h A Vj^ . The rank of the bivector A zi;, G 

A^R"* is by definition p. Moreover, the space span{z’;j,z’^ : 1 < Iz < p} is called the 
support of the bivector. 

A short computation shows that the exponential of M applied to a: G R*” is 


p p 

e^x= J^cos{Ah){{x,Vh)vh + {x,v^)v^) + ^ sin(Ap)((x,z;p)zz)|- 

/^=l h=l 

+ {^- 'L{{^Wh)vh + {x,vi)vi)\. 

h^l 


{x, vj^)Vh) 

(3.11) 


3.1.3 Extremal curves in free groups 

Let Fm = Fm ,2 := R*” x A^R"* with the group law 

(x, t) • (^, t) = (^x + ^, f + T + A . (3.12) 

Here for convenience of notation we used A^R"” instead of R^ and we made the choice of 
matrices G defined as follows: A^^x = xpCy — xyCp. Then, for any x, ^ G R”* we 

indicate with (x, A^) G A^R”” the bivector 

(x, A^) = X A ^ ^ (x A ^)jkej Ae^= ^ (xy^^ - Xjc^y)ey A e^. 

l<j<k<m l<i<k<m 

Let u{s) = be a normal extremal control. Since —tA is a skew-symmetric matrix, 

there are p < |, strictly positive numbers Ap,.. .,Ap > 0 and corresponding pairwise 
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orthogonal vectors fli, , flp, flp, z such that 

V 

xW = L (cos(Ajts)flfc + sm(Afcs)fl^) + z, (3.14) 

Jc=l 

where \a^\ = \a ^1 > 0 for all fc = and z A span{flj.,fl^ ^ < k < p}. Here 

it may be z = 0. The free-group assumption ensures that the matrix —tA can be any 
skew-symmetric matrix and thus any control u of the form (I3.14I) is a normal extremal 
control. 

Moreover, we may assume without loss of generality that in (I3.14D the following "non¬ 
degeneration condition" holds 

0 < Ay / Aj- for all j ^ k. (3.15) 

Otherwise, if Ay = Ajt for some j 7 ^ k, then we can write 

COs(Ays)fly -|-sin(Ays)fly^ -|-COs(Ays)fljc -|-sin(Ays)fl^ = COs(Ays)(fly + a^) +Sm{AjS){aj- +ci^)- 

Observe that if we add to condition (I3.15D the requirement Ay < if j < k, then all the 
data p,Ak,a]^,a^,z are uniquely determined by u{s). Finally, the length of the curve ju 
corresponding to the control (13.141) is length( 7 „)^ = |zp -|- curve corre¬ 

sponding to the extremal control (13.141) lives in the subgroup W x A^W, where 

W := spanjfli, a^,... ,ap,a^, z}. (3.16) 

The discussion below shows that ju is nonsingular in the subgroup Gw := W x A^W. In 
general the inclusion Gw C dE{u)L^ is strict. 

In order to characterize singular extremals, we will use the following linear algebra 
lemma. 

Lemma 3.1. Let Vi,...,Vp G R'” and let 0 < Ai < A 2 <■■■< Ap be positive numbers. Then, 

span{Aj^“^r7i -|- A^^^V2 A^^^Vp : 1 < k < p} 

= span{A^^^^Ui -|- A 2 ^“^r ;2 + ■ ■ • + A^^^Vp : k G N} 

= span{z;i,z;2,.. 

An analogous statement holds changing the powers 2k — 1 with 2k. 

Proof. In both equalities C is trivial. To accomplish the proof, it suffices to show that the 
set in the first line contains span{z;i, V 2 ,... ,Vp}. To see this fact observe that 

[AiVi -!-•••+ ApVp \ A\vi -!-•••+ ApVp | • • • |A^^ Ap^ Vp] 




'Ai 

A? 

• ■ A^P-^1 

Af 

hi" 

• \^p] 

A 2 

A3 

A 2 



Ap 

A3 

/Vp 


The thesis follows because the Vandermonde matrix is nonsingular. □ 
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Next we recall the characterization of singular extremal controls (see also llDMO~*~15l ). 
Let u be a normal extremal control of the form (13.1411 satisfying the nondegeneration con¬ 
dition (I3.15D . Then, u is singular if and only if there is a nontrivial skew-symmetric matrix 
(tA G such that aAu{s) = 0 for all s. By properties of the kernel of skew-symmetric 

matrices this is equivalent to say that there is a (wj — 2) -dimensional subspace W C R*" 
such that u[s) G W for all s. Equivalently, dimspanjif W(0) : k G NU {0}} < m — 2, 
which means 


P P p p 

dim span j Apap, I] ^ 

^ k=l k=l k=\ Jc=l 


^14 


} 


< m — 2. 


(3.17) 


Since we assume (I3.15D , using the lemma above, it is easy to recognize that this is equiv¬ 
alent to the requirement 


dimspan{fli,flj^,.. .,ap,a^,z} <m — 2 


(3.18) 


Remark 3.2. Formula (13.1811 is related with the parametrization of the abnormal set pro¬ 
vided in formula (3.9) in [DMO^ 15^ . Indeed it implies that 


Abn''°’'(e) = Abn(e) = [jjW x A^W : W C K’” dimW = m - 2 } (3.19) 

where Abn'^°'^(e) indicates the endpoints of normal-abnormal curves leaving from the 
origin. The first C inclusion is obvious and the second follows from ( 13 . 71 ) . The fact that 
Abn'^°'^(e) contains the union on the right-hand side can be seen as follows. Let W C R'” 
be a subspace of dimension dim W = m — 2. Then W x A^W is isomorphic to the free 
two-step group with m — 2 generators. Therefore, for each point (w, ^) G W x A^W there 
is a control of the form ( 13 . 141 ) with .. ,ap,ap,z G W and such that the curve 7 

arising from such control connects the origin with (lu,^). 


3.1.4 Extremals in general two-step groups 

If (R"* X R^, •) is a two-step Carnot group with law dl.ll) . normal extremal curves can 
be described similarly to the free case, but there are some differences. Indeed, given an 
extremal control w(s) = while in the free case —tA was the most general skew- 

symmetric matrix, here, as observed by IIAGL15II . the matrix —tA should belong to the 
subspace of so(m), generated by Ai ,..., A^. Anyway, applying spectral theory to the 
matrix —tA, we see that u(s) can be written in the form 

V 

u{s) = cos{Aps)aj^ + sm{Aps)ap -f z, (3.20) 

Jc=l 

where, as in the free case we assume without loss of generality the nondegeneration 
condition 

0 < Ay 7 ^ Ap for all j 7 ^ k. (3.21) 

Again, making the further requirement Ay < Ap if j < k, then all the data p, Ap, up, , z are 
uniquely determined by u (s). If we let, as in the free case W := span{fli, ... ,ap, Up, z}, 
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then by B.ID , it turns out that the curve corresponding to the extremal control H3.20I) lives 
in the subgroup Gw introduced in (13.81) . 

The description of singular extremals is less precise than in the free case. However, 
by (13.61) and Lemma 13.11 we can say that a control of the form (13.201) under the nonde¬ 
generation condition is singular if and only if there is tr G such that the associated 
subspace W satisfies W C ker(( 7 A). Equivalently, there is tr 7 ^ 0 such that a X {Aw,y) in 
R^ for all re G W and y G R'". This ensures that W C R”’ has dimension at most m — 2. 
Furthermore, under (13.211) . it turns out that ju is nonsingular in the subgroup Gw defined 
in (13.81) (if it would be singular, then {w(s) : s G [0,1]} would be contained in a subspace 
of dimension at most dim W — 2 ). 

Remark 3.3. The objects of the discussion above have a strict relation with the abnormal 
varieties studied in [LDLMV13\I and tPMCA 15l Section 3.1]. Indeed, fixed the basis 
Xi,..., Xm, Ti,... T£ ofg = Vj 0 V 2 as in Section lZ2l and the dual basis rji,..., rjm, Qi, - ■ ■ 
of g* = 0 V 2 , then, choosing the covector A = S V 2 , a computation shows 

that, in the exponential coordinates (12.31) 

= {{x,t) G R'" X R^ : a Ax = 0} = ker (cjA) x R^ 
where a A = o'aA'^ as usual. Thus, nVi = {'^j XjXj : x G ker frA} C Vi and 

= span{{x, {^, At])) :x,^,ri e ker(crA)} 
is the subgroup appearing in [DMO^l^ Eq. (3.1)]. 

Next we calculate the image of the differential of the endpoint map at extremal con¬ 
trols in terms of the associated subspace W. 

Proposition 3.4. Let u G L^(0,1) be a normal extremal control of the form (13.201) satisfying the 
nondegeneration condition (I3.21D . Then, iflN = span{fli,flj^, ... ,ap,a^,z}, we have 

ImdEju) = span{(^, {Aw,rj)) : w e W ^,ri e R"*}. 

Proof. Formula (13.21) immediately implies C. 

To see 0, we test formula (I3.2D against sequences of smooth functions approximating 
the 5 function and its derivatives of order f > 1. Precisely, let cp G Cr(]-l,l[) be a 
nonnegative averaging kernel with (p(s)ds = 1. Then define the family {(pn)n> 2 , by 
(pn{s) := nf{ns — 1). It turns out that (p„ G C“(]0,1[) and (p„ is an approximation of the 
Dirac mass at s = 0 as n —> 00 . Moreover, for i = 0,1,2,..., ^ G R*" and n G N, the 
family {cph)n> 2 , fi{s) ■= (■^Y'Pnis) approximates the f-th derivative of the Dirac mass, 
as n —>• 00 . 

Let us take ^ G R'" and define u^(s) = (pf,{s)^. Testing (I3.2D with (r'°)„gisj and passing 
to the limit as n —)■ 00 we find 

ImdE(u) 0 {(^,(a|,^)) :^GR"'}. 

If instead f > 1, calculating dE(u)v^ and letting n —)■ 00 , we find 

lmdE{u) 0 |(0,-(AxW(0),O) : ^ S R""} for all f = 1,2 ,.... 
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The proof is easily concluded because spanjx^^^ (0) : £ > 1} = W. 0 


□ 


Remark 3.5. In thenonfree case, it is not true that Ahn{e) can be parametrized as U{Gw : 
dim(W) < m — 2), where Gw is the subgroup in (13.81) . A counterexample is given by 
a direct product Mx^,x 2 ,t x IRxg of the Heisenberg group with the Euclidean line. Here, 
for X, ^ e 

we define {x,A^) = xi ^2 — ^ 2^1 In this case, for any w = {wi,W 2 , 0 ) € 
\ {(0,0,0)}, a curve of the form j(s) = (swi,sw 2 , 0 , 0 ) is an extremal and is contained 
in the subgroup Gw where W = span{rt;} is one-dimensional. However, 7 is nonsingular 
in the product. 

Using Proposition l3.4l it is easy to see that abnormal minimizing curves appear if and 
only if the Metivier condition fails. This statement is implicitly contained in llDMO~*~15 
Eq. 3.2)]. 

Proposition 3.6. Let G = R*" x R^ be the group in dl.lb . Then there exists a nontrivial abnor¬ 
mal length minimizing path if and only if the Metivier condition fails. 

Proof. Let u G L^(0,1) be a nonzero abnormal length minimizing control. Since u must be 
normal-abnormal, it has the form (13.201) and we may assume the nondegeneration (13.211) . 
Applying Proposition l3.4l we see that if 0 7 ^ w G W, then the dimension of span{(Arc, f/) : 
f/ G R"*} must be strictly less than i. This means that the Metivier condition fails. 

On the other side, if the Metivier condition fails, let w G R"* \ {0} be such that p 1 —)■ 
{Aw, p) is not onto from R"* to R^. Then, by Proposition l3.4l we see that the curve 7 ( 5 ) = 
{sw, 0 ) is an abnormal minimizer. □ 


3.2. Failure of semiconcavity in two-step Carnot groups 


3.2.1 Free groups 

We show estimate (11.31) of Theorem ll.il Namely, given {x,t) = 7 ( 1 ), final point of an 
abnormal minimizer 7 , we want to show that there is cr G A^R"* such that 


lim inf 


d{x, t + fa) — d{x, t) 


\fi\ 


> 0 


(3.22) 


Proof of (13.221) . Let (x, f) = 7(1) = (^(l)/l(l))/ where 7 is a normal-abnormal extremal. 
Thismeans that 7 originates from a control of the form u(s) = cos{Aks)ak -f sin{Ai^s)af -|- 

z, where as usual we assume that 0 < Ay < Aj. for all j < k and moreover we have the 
singularity condition 

dim span }... ,ap,a^,z} < m — 2, 


(here z may possibly vanish). Let span{fli,fly^,...,z} =: W. Let P W^ = 
spanjfli, af,...,ap, a^, z}^. The singularity condition ensures that dim P > 2. Let Fy := 
P X A^P be the subgroup generated by P x {0}. We claim that for any nonzero bivector 
a E A^P, we have 

d{x,t-f fa) > d{x,t)-f C\f\. (3.23) 

^Notice ttiat Lw := {{Aw,rj) : zv E W, t] E IR™} in general is not a subspace of This for instance 
happens if R”* x R^ = R^ x A^R^, {x, Ay) = x Ay and W = span{ei,e2}- In such case, e\ A 63 and e^Aet^E 
Lw, but gj A 63 -|- £2 £4 € Lw- 
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To prove the claim, fix a G \ {0} and let /3 G K. Take a minimizing control 
u G L^(0,1) and let 7 = (v, f) : [0,1] —> Fm ,2 be the corresponding minimizing path 
joining (0,0) and (x, t + fia). Assume also the constant speed condition 

|i/(s)| = |x(s)| = d[x,t + fid) Vs G [0,1]. 


Decompose orthogonally 

u{s) =: uv{s) + ww(s) G F 0 W 

x(s) = [ u =: xv{s) + xw(s) G V 0 W. 

Jo 

Thus, 

1 

Ks) = T / {xv + ^w) A {uv + Uw) 

I Jo 

1 /.S I i-s I i-s 1 cs 

~ T / A My 0 - / Xy A Uw + - Xw A Uy + - Xyf A Uw 

J Jo J Jo J Jo J Jo 

—! ty(s) 0 t*(s) 0 twins') G 0 (V A W) 0 A^W, 


(3.24) 


(3.25) 


where we let 


\ rs 1 

^vis) = - XyAuyEA^V and twis) = - XwAuw^A^W. 
2 Jo 2 Jo 


By (13.1011 . the three terms in the last sum are pairwise orthogonal. The path s i-A 7 y(s) = 
(xy(s), ty{s)) E V X A^V is admissible in the Carnot group V x A^V and the path yw is 
admissible in W x A^W. 

Next we look at the final point of yy. Since 


w 9 X — x(l) = Xy(l) 0 Xw(l) G F 0 W 


we have xy(l) =0 and xw(l) = x. Moreover, since 

A^WeA^V 3 t + /Sd = t(l) = fy(l) 0C(1) 0tw(l) G a2F0 (FA W)0 A^W, 


if musf be t*(l) = 0 G F A W, ty(l) = jSu G A^F and tw(l) — f £ A^W. 

Ultimately, since the path 7 y connects the origin with (0,/3u) G Fy 
have 

/ |wy| > dy^^ 2 y{ 0 ,^(r) > 

Jo 

Moreover, since yw connects the origin with (x, t) G F^v, we have 


f \uw\ > dwy,{x,t) > ^ d{x,t). 

J 0 


By the constant-speed assumption |m(s) | = d{x, t 0 j 6 u) for all s. 


d{x, t 


= f |u|2 = f |Myp0 I \uw\^ 
Jo Jo Jo 

- il '"''0 + (/„ i “"0 

> C|^|0d(x,f)2. 


F X A^F, we 


(3.26) 
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To conclude the proof, observe that if (v, t) = (0,0), then d{0,j5(7) > > C|/3| for 

|j 6 | < 1. If instead {x,t) 7 ^ (0,0), then 

/ C\6\ \i /2 C 

d{x, tM > d(x. t) (1 +> d(x, f)+ 

for small |/3|. This proves (I3.23I) . □ 


3.2.2 General two-step groups 

Here we prove estimate (I1.2II . which shows that local semiconcavity fails for all two-step 
Carnot groups at abnormal points of the form (w, 0) G R*" x R^. The case of a general 
abnormal point seems to be technically more complicated and we do not discuss it. A 
procedure of lifting to a free group can be useful to discuss some specific examples, but 
the general case seems to require a deeper understanding of two-step Carnot group. 

Proof of (11.21) . Let w G R*" be a unit vector such that the map y 1 —?■ {Aw,y) is not onto 
from R*" to R^. We claim that estimate (11.21) holds for any vector u G R^ \ {0} such that 

{Aw,y) Pa inR^ VyGR*". (3.27) 

Assume without loss of generality that \a\ = 1 in R^. Let V span{a;}^ =: W^ and 

Gy span{(z;, {Av',v”)) : v,v',v" G V}. 

We claim that there is C > 0 such that d{w, fa) > 1 -|- C\f\ uniformly in /3 G [—1,1]. 
To show the claim, let 7 = {x, t) : [0,1] —>• G be a length minimizing constant-speed path, 
i.e. |u(s)| = d{w,fa) for all s G [0,1]. Decompose 


Thus, 


u{s) = Wy(s) -h Mw(s) G L 0 W 

x(s) = [ u =: xv{s) + xw(s) G L 0 W. 
Jo 


(3.28) 


f(s) = \ {x,Au) 

1 rs 1 r® 1 r® 

~ 2 Jo 2 io (^W/Tluy)) + 2 Jq (^W/7lWw) 

= : ty(s) 0 (f(s) ~ tv{s))- 


(3.29) 


where we put fy(s) := ^ Jq {xv,Auv)- Note that the curve 7 y(s) = (xy(s), fy(s)) is an 
admissible curve in Gy. The decomposition (13.281) proves that xy(l) = 0. Formula (13.291) 
and the orthogonality condition (I3.27D tell that /lu _L t(l) — ty(l). Therefore, the required 
equality f ( 1 ) = fa implies that 




2 


fa-{t{l)-tv{l)) 


f^ + \t{l)-tv{l)\^>f\ 
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because \cr\ = 1. Standard properties of two-step groups give 

lengthc^,(7y) = \uv{s)\ds > 


A second obvious estimate concerns the curve ^(s) := {x{s),w). Since it satisfies ^(0) = 0 
and ^( 1 ) = 1, we have 

[\uw\= 

Jo Jo 

To conclude fhe argument, starting from the constant speed property of 7 = {x, t) 
and using Cauchy-Schwarz, we find 


11 1 

d{'w,^aY = [ |wp = [ |wwP+ [ \uv\^ 
Jo Jo Jo 



> 1 + C|^| =d{w,0f + C\^\ 


and fhe proof is concluded. 


□ 


3.3. Horizontal semiconcavity estimates at abnormal points in free groups 

By the results in ICR081IFR10L in a small neighborhood of the final point 7 ( 1 ) = (x, f) of a 
strictly normal minimizer, the distance from the origin is semiconcave. This estimate fails 
if 7 is abnormal. However, a horizontal version of the semiconcavity property persists 
at abnormal points, at least in free groups. Indeed, if is fhe free two-step group with 
m generators, for all {x,t) = 7 ( 1 ), where 7 is abnormal length-minimizing on [ 0 , 1 ], 
7 ( 0 ) = (0,0) and d{x, t) = 1 there are positive constants C and 3 so that 


d{ey'^{x,t)) +d{e if^(x,t)) - 2d(x,t) 
sup |—12 _ C. 

yeK^,\y\<S \y\ 


(3.30) 


Here y ■ X := ^JiiyyXy and eV'^{x,t) denotes the value at time f = 1 of fhe integral 
curve of y • X leaving from (x, t). We do not know whether or not such estimate holds 
uniformly in (x, t) on the unit sphere. We plan to come back to such problem in a further 
paper. 

Estimate II3.30II can be proved by an induction argument and the discussion below is 
devoted to the proof of such statement. 

Stepl. Let us start by observing that if Wi,..., is an orthonormal basis of a d-dimensional 

subspace W C IR'" and Gw := W x A^W is a free subgroup of := K”* x then 

for any point (x, t) G Gw we have the estimate 

0 = dcn t) = dprf t) (3.31) 

where in the last equality we denoted = (x, Wj) and Ty/t = (zRy A Wj^, t) for ; = 1,..., d. 
The < in the first equality of (I3.31D follows from the fact that Gw is a subgroup of F^. The 
> holds because 
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(a) Ifw G L2((0,1),IR’”) is a control in such that the curve ju connects the origin 
with {x, t) G Gtv C Fm, then, the orthogonal projection Uw G h^((0,1), W) is admis¬ 
sible in Fyy and the corresponding curve 7w connects the origin with (x, t) G Gw- 

(b) lengthc^^(7w) < lengthy ( 7 ) 

Note that the > inequality in (I3.31II may fail if we change F^ with a nonfree two-step 
Carnot group G. This can be seen by considering the group x IR = G with operation 

(xi,X 2 .X 3 .X 4 ,f) • = (xf + T + ^(xi ^2 “ X 2 ^l) + “ ^4^3)) 

with a > 1 and its subgroup Gw := Gspaj.i{ei,e 2 } ~ {(^i' 0/ O}- Here it turns out that 

dc(0,0,0,0,/I) - ^An\^\/<X < ^/4^ = dGy,{0,0,0,0,^). 

Step 2. Let us look at estimate (13.301) for m = 3. In such case abnormal points in the unit 
sphere are of the form (x, f) = (w, 0) for some w G R^ with unit norm. Then, any vector 
y G R^ can be written in the form y = + yv, where y G R and u T a; is a suitable 

unit vector. Therefore, we have 

e^'^{w,0) = {'w,0) ■ Exp(y • X) = {w,0) ■ (y, 0) 

^ (a;,0) • i^w + r]v,0) G Gspan{zc,z;} = {{^zv + r]v,TW Av) : (^,y,T) G R^} 

(here Exp denotes the standard Exponential map, see iBLU07i Definition 1.2.25]). Thus all 
points involved in the estimate belong to a subgroup which is isomorphic to the Heisen¬ 
berg group (Hi, o). Therefore we have 

d((ze, 0 ) • (^w + r]v,0)) + d(^{w,0) ■ — ya, 0 )) — 2d{w,0) 

= dHi((1,0,0) o (^,y,0)) +dHi((1,0,0) o - 2dHi (1,0,0) < C{^^ + y^), 

by the local semiconcavity of the distance in the Heisenberg group ( HCROSIIERIOI ). Since 
this estimate is uniform as a G R^ is a unit vector orthogonal to w, the statement in F 3 
follows easily. 

Step 3. Next we describe the induction step. Assume that the estimate holds for F„,_i and 
let us look at (x, t) = 7 ( 1 ) G F^ with d(x, t) = 1 , 7 ( 0 ) = (0,0) where 7 is an abnormal 
length-minimizer. Let W C R'" be the associated subspace introduced in (13.161) and as¬ 
sume that Wi,... ,Wdts an orthonormal basis of W. The singularity condition means that 
d < m — 2. Moreover, any vector y G R”’ can be written in the form y = YL'j=i ^j'^j + 
where u T W is a suitable unit vector depending on y (but we will get estimates which 
are uniform in z; T W, |r 7 | = 1). Therefore, we have 

(x, t) • Exp(y • X) = (x, t) • (y, 0) 

= E A Wfc) ■ + e Gw©span{z,}- 

;=1 j<k<d j<d 

Thus, all involved points belong to a free subgroup which isomorphic to F,i©i. If there 
is an abnormal length minimizer in such subgroup that connects the origin and (x, f), 
then, since d + 1 < m — 1, using Step 1 and arguing as in Step 2, we get the required 
statement (13.301) . Otherwise, if any minimizer is normal, we can use ICR08I or lERlOl and 
we get again the desired estimate (13.301) . 
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4. Lack of semiconcavity for the control distance in the Engel group 

Let us consider the vector fields 


Xi = d\ and X 2 = 02 + Xid^ + -^d^. 

It can be checked that Xi and X 2 are left invariant on the Lie group in E = defined by 
the following law 

2 

X ■ ^ = {xi + ^ 1 , X2 + ^2, ^3 + ^3 + X\^2r ^4 + ^4 + "^^2 + ^1?3^ (4-1) 

which is usally called Engel group. See IBLUOZi p. 285]). Such vector fields belong to the 
model studied in the seminal paper IISus96ll on abnormal geodesics for rank two distri¬ 
butions and it is known that AbnE = {(0, X 2 ,0,0) : X 2 G R}. Therefore, by I1CR08II and 
IFRIOL we know that the distance from the origin d is locally semiconcave on R"^ \ Re 2 - 
Here we show that d is not semiconcave at any point of the abnormal line. Moreover, we 
show that d is not semiconcave at such points even in the weaker horizontal sense. 

In the papers lASllllASlSIl and IIAT13II the explicit form of geodesics is established. 
In principle, our estimates could be obtained as a consequences of the mentioned results. 
However the form of such geodesics is rather involved and working with their explicit 
equations seems to be a rather difficult task. 

Observe that the subset {(xi, V 2 , 0 , V 4 )} C E with the induced vector fields Xi = 3i 

and X 2 = 82 + y 94 can be identified with the Martinet subRiemannian system. See the 
discussion in the following Remarks I4.1l and l4.2l 

Preliminarily we show that taken the constant control u{t) = (0,1) for t G [0,1], so 
thatE(u) = ( 0 , 1 , 0 , 0 ), we have 

lmdE{u) = span{ei,e 2 /e 3 }. (4.2) 

We briefly check (I4.2|) . by means of standard formula for the differential of the endpoint 
map. Following the notation in IIABB16L given u G L^, we denote by Pg (x) the solution 
of ^Pg (x) = Uj{t)Xj{Pg{x)), with P|(x) = X. Thus, we have the well known formula 

dE{u)v = I {z;i(f)dP/(P^(0))Xi(P^(0 ))+r;2 (f)dP/(P^(0))X2(P,5(0))}dL 

See IIMon02[IRif 14i|ABB16i . At the point u = u, we have PgX = e^^^x = ^xi,X 2 -|- f, X 3 -|- 
\ 

fxi,X 4 + 1 , so that 


1 0 0 0 ■ 


roi 


r 1 0 0 0 -| 

0 10 0 
1 -t 0 10 

0 

II 

t 

0 

^ dPliP^iO)) = 

0 100 
i-f 010 

(l-t)xi 0 0 1 


LoJ 


L 0 0 01 J 


Therefore, 

111 

dE{u)v = (^J Vi{t)dt, J V2{t)dt, j {1 — t)vi{t)dt,0^ (4.3) 
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which implies (I4.2I) . The curve x{t) = te 2 is both normal and abnormal. It is abnormal 
because dE{u) is not open. It is normal because the equality 

Ao{u,v)i 2 + {{Ai,A2,A3,A^),dE{u)v)^i = 0 V G =: L^((0,1),R^) 

holds under the choice Aq = — A 2 and Aj = A3 = 0. 

It is very easy to show the failure of semiconcavity looking at the behavior of the 
distance in the orthogonal of ImdE(u), i.e. in span{e4}. This is shown by estimate dl.SI) . 
which we are now going to prove. A more precise version of the following proposition 
can be obtained as a consequence of IIABCK97I (see the remark after the proof). 

Proof of dl.SI) . It suffices to show that there is Co > 0 such that 


d(0,l,0. A) — 1 > Co|A| for all A close to 0. (4.4) 

To show estimate d4.4ll . let us consider the control problem T = i/i(f)Xi(7) + U 2 {t)X 2 {'Y) 
with 7(0) = (0,0,0,0) and 7(1) = (0,1,0, A), where w = {ui,U 2 ) G L^(0,1). Note that 
writing 7 = (71, 72,73,74), we have 

73(1 )=/" X 2 dxi = 0 74(1) = i / xldx 2 = A, 

J-yg ^ Jyo 

where we denoted 70 := (71,72)- 

Let (7 '^)a 6R be a family of curves : [0,1] —> satisfying 7''^(0) = (0,0), 7^(1) = 

(0,1) and J^A x\dx 2 = 2A. Then 


|2A| = 

/ x\dx2 



< sup 7^(t)2 [ 172 (01^^ 


J 


Jo 

f6[0,l] -^0 

< 

sup 

X 

1 ■ length(7^) 



(nA2)67'^([0,l]) 

< 2 sup x\, 


where we assumed without loss of generality that length(7'^) < 2 for all | A| sufficiently 
small. Therefore, there is G (0,1) such that 74 (Ia) = Thus 


length(7A) = length(7|[o,tj) + length( 7 |[f^ 4 ]) 

> l(|A|‘'l72’(fA)) - (0,0)1 + |(|A|l'A7A(t,)) - (0,1)1 
1 


> 


'Gt)-(o,o) 


‘G1)-(0,1)|=2J1 + |A|, 


and the claim follows. 


□ 


Remark 4.1. liweletxo, = 0 and we identify respectively {xi, X 2 , x^) with (y, x,z) G R^, 
an inspection of the proof above shows that we have proved the following estimate for 

the Martinet vector fields X = 3^ + ^nd Y = dy, 


lim inf 

2—s-O 


d(l,0,z) -d(l, 0 , 0 ) 


^0. 


18 















A. Montanari and D. Morbidelli, 


On the lack of semiconcavity of the subRiemannian distance ... 


If z > 0 , then this estimate is contained in IABCK9A eg. (4.31)], where it is shown that 
the intersection of the unit sphere with the abnormal sety — 0 , has a parametrization of 
the form 

2 

x(t) = 1 — t + o(t) and z{t) = ^-^t + o{t) as f —> 0+ 

Ifz < 0, then the absolute value in the first equality in the chain of estimates (I4.5I) is very 
rough and our argument does not detect the logarithmic estimate proved by IABCK97\I . 


4.1. Failure of horizontal semiconcavity at abnormal points 

Here we prove the horizontal estimate (11.61) . 

Remark 4.2. An inspection of the proof below shows that no information on the variable 
X 3 is used (we will not make any use of the first equation of (14.61) ). Thus we get some 

more information on the distance for the Martinet vector fields Y = dy andX = + 

Namely we have the estimate 

y^O y2 

Proof of (11.61) . Since the case X2 = 0 is trivial, without loss of generality it suffices to show 
the statement with X2 = 1 and y2 = 0. In such case we are able to prove that 


d{e 2 • Aei) - d(e 2 ) 
A^O M 


= +00. 


Note that 62 ■ Aei = (0,1,0,0) = (A, 1,0,0). Any admissible curve in 7 =: ( 7 , 73 , 74) : 

[0, T] I— )■ E is the lifting of its plane projection 7 : [0, T] —)■ with the constraints 

73 = 7 i 72 and 74 = 27472 - Thus, the requirements 73 ( 7 ) =74(7) =0 can be written 
in the form 


I , 


Xidx 2 = 0 and / x\dx 2 = 0 


(4.6) 


(the first equality will not be used in our argument). 

Let us assume by contradiction that there exists a family of curves x^ : [0, T^] —)■ R^ 
with A G R and a constant Cq > 0 such that for all A close to 0 all the following properties 
hold: 

■a^( 0) = (0,0), x^(rA) = (A,l) 

Ix'^l < 1 a.e. 

Ta - 1 < CoA^ (4-7) 

rTx 

/ x^(t)^X2(t)dt = 0 

Jo 

We will show that this produces the following contradiction. Letting 


(LHS):= [ (xf)%^- [ (x^) 

J{x)>0} Jtxi<0\ 


A42v,A 




(RHS). 


we claim that there are Ci, C2 > 0 such that if | A| is sufficiently small, then 

(RHS) < CiA^ and (LHS) > C2|A|3. 


(4.8) 
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To get this contradiction, by symmetry it suffices to discuss the case A > 0. The proof 
is articulated in several steps. 

Step 1. First we prove the estimate I{f G [0, T^] : x^it) < 0}| < CqA^. This can be 
achieved easily because 


1 = 4(T) 



[ 4 + L A 4 < l{^2 > 

Jxi >0 Jxt ^<0 J xi>Q 


because ^ |A'^| < 1. Thus \{x 2 > 0}| > 1. Therefore, its complementary set satisfies 


\{4 < 0}| = Ta - |{4 > 0}| < 1 + CoA2 - 1 = CoA2. 


Step 2. There is Ci > 0 such that supjQ {x\Y- < CiA^. 

Let A > 0 and define the positive number tjA = iriax^g[ o,Ta] x^{t )/(An analogous 
discussion, left to the reader, can be given working with px := minfg[o,TA] 

Assume that qx > 2, otherwise there is nothing to prove. Take a point (Aqx/X^) G 
7 ^([0,TA]).Then 


I + CqA^ > length(x'^) > d{{Aqx,X 2 ), {AA)) + d{{Aqx,X 2 ), {0,0)) 

> d{{Aqx,X2),{A,l))+d{{Aqx,X2),{A,0)) 

'I 

> (this quantity is minimal for X 2 = -) 

> d{{AqxA/2), (A, 1)) + d((A^?A, 1/2), (A,0)) 


= “ 1)^A^. 


Comparing the first and the last term, we see that qx should be bounded uniformly for 
small positive A. 

Step 3. Estimate of (RHS): 

[ {x\)^X2 < sup(xi)^|{x2 < 0}| < CiA^ ■ CqA^ 

[o,A] 


as desired. 

The estimate of (LHS) is more delicate and we need some preliminary notation. In¬ 
troduce the following rotation pA ^ 


, (^i\- 1 a\(^{\_({a + a^2)/V^T^\ 


(4.9) 


Observe that Pa( 0/ Vl + A^) = (A, 1) for all A. Define then 

po = 2v^ (4.10) 

and construct the following sets (we will work both with these sets and with their rotated 

through Pa)- 

ix := {(^1,^2) : ^2 = \/l + A2(l - A)}. 


20 




A. Montanari and D. Morbidelli, 


On the lack of semiconcavity of the subRiemannian distance ... 


This is a horizontal line below the point (0, Vl + A^) of an amount of order A. Inside this 
line we fix the (rather short) segment 

Fa = {(^ 1,^2) : = \/l + A2(l - A), |^i| < poA^/"} 

= { (0poA^/^ \/l + A2(l - A)) : |0| < 1} 

and the tiny rectangle 

Ra ■= {(0iPoA3/2^v'1 + A2(1-02A)) : |0i| < h |02| < l}- 

which extends on top of Fa of an amount approximately 2A. Then, on the left and on the 
right of Ra introduce the set 

Ma:={(0iPoA3/2,a/ 1 + A2(1-02A)) :|0i| >1, |02| < l}- 

Finally, on top of R\ IJ Ma we have the half-plane 

Ga := {(0iPoA^/^ V^T+A2(1 - 02A)) : 0i G K, 02 < -l}- 

Correspondingly we have the rotated sets := px^A, Fa ■= PaFa, Ra ■= PaRa/ and 
AAa = PaMa- The tiny rectangle Ra is centered at the final point (A, 1). 

Step 4. Under the choice of po made in (I4.10I) . we have for sufficiently small positive A 

^'^([0 /Ta]) n Ma = 0 and x'^([0 . Fa]) n Ga = 0 . 

We start with the proof of the first claim, which gives the more striking information, 
due to the power A^^^ in the horizontal size of Ra- We work with the rotated curve 
^^{t) = p^^x^{t). Such curve has length at most 1 -|- CqA^ and cormects (0,0) with 
(0, Vl + A^). Assume by contradiction that there is a point belonging to Ma n ([0, Fa] ). 
Such point has the form (0ipoA^^^, — 02A)), for some 0i, 62 satisfying |0i | > 1, 

and 1021 < 1. Therefore, the estimate on the length furnishes 

1 + CqA^ > length(x^) 

> d((0,0), (0 iPoA3G a/i + A2(1 - 02A))) 

+ d((0ipoA3G a/ 1 + A2(1 - 02A)), (0, \/l + A2)) 

> (we minimize choosing 02 = 1) 

> + (1 + A2) (1 - A)2 + y/02p2A3 + (1 + A^) A2 

> 1 - A + Y/02p2A3 + (l + A2)A2 > 1 - A + Ay/l + p^A. 

Comparing the first and the last term, we see that this chain of inequality conflicts with 
the choice of po made in (I4.10I) . for small A. 

Next we show the second statement of Step 4. Let A > 0 be a small number and 
assume by contradiction that there exists G Ga n x'^([0. Fa]). The rotated point := 
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has the form vT+”A^(1 — 02 -^)) with 0i G IR and 02 < ~1- Thus, it must 

be ^2 — (1 + A)'\/l + A^. Therefore 

1 + CoA2 > d((0,0), (0, Vl + A^)) 

> + 1^2^ - Vl + A^l 

> (l + A)Vl + A2+ ((l + A)Vl + A2- Vl + A2) 

= (l + 2A)Vl + A2. 


Again, comparing the first and last term, we find a contradiction and Step 4. is accom¬ 
plished. 

Step 5. We claim that if (xi,X2) G F^, fhen < 1 — f • Here we use the fact that the 
segment Fa is very short with respect to A. 

To check the claim, recall that x G Fa means that there is 0 G [—1,1] such that 
{xi,X 2 ) = Pa(0FoA^^^, \/l + A2(1 — A)) Thus, using (|4^ , we find 

^2 = (-0poA^/^ + Vl + A2(l - A)) 

and Step 5 is accomplished, if A > 0 is sufficiently small. 

Step 6. If X = (xi, X2) G Ra/ then we have Xi > 

This can be seen again by means of (I4.9I) . which gives for suitable 0i, 02 G [—1,1] 

xi = (0 iPoA3/2 ^ Aa/1 + A2(1 - 02A)) > 

for all positive A sufficiently small. 

Step 7. Lower estimate of (LHS). 

Take A and the corresponding curve x"^. Let t^ G [0, Fa] be the unique time such that 
x'^(tA) e Fa x'^(t) ^ Fa VtGjfArTA]. 


Note that x'^(t) G Ra for all t G [t^rT^]. This follws fron fhe fact that the curve x^ can 
intersect the line £a only in the segment Fa. Thus, after the time tx it should lie on top 
of such line. On the other side, by Step 4., the curve cannot touch the "prohibited set" 
Ma U Ga. Therefore x"'^([fA, Fa]) C R\. Therefore 


[ ix^f4> [ (^1) 

Jxti>0 Jlh,Tj,]n{x^>0} 




A2 


inf x: 

(nA2)6RA 

A/ 




[fA,7’A]n{x^>o} 


X 2 > 


inf X 

(xi,X2)6Ra 




[IaFa] 


X2 


> (By Step 6) > —(x2 (Fa) - X 2 (H)) 


> (By Step 5) > ^ (l - (l - ^) ) 


8 ' 


and the proof is concluded. 


□ 
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